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We consider the vacuum decay of the flat Minkowski space to an anti-de Sitter space. We find
a one-parameter family of potentials that allow exact, analytical instanton solutions describing
tunneling without barriers in the presence of gravity. In the absence of gravity such instantons
were found by Linde and rediscovered and discussed by Lee and Weinberg more than a quarter of a
century ago. The bounce action is also analytically computed. We discuss possible implications of
these new instantons to cosmology in the context of the string theory landscape.
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I. INTRODUCTION
Ever since the spontaneous symmetry breakdown of a vacuum was found in field theory, its implications to the
history of our universe have been a matter of great interest in cosmology and much work has been done on how the
vacuum decay proceeds dynamically. One of the most important contributions to the understanding of the vacuum
decay was made by Coleman who developed a method to describe the vacuum decay by considering O(4) symmetric
instantons that mediate the vacuum decay [1, 2]. In this picture, one assumes there is a scalar field with potential
having two (or more) minima with at least one meta-stable minimum and an absolute minimum. For simplicity, let
us assume there is only one meta-stable minimum (false vacuum) and only one absolute minimum (true vacuum). If
the universe is in the false vacuum in the beginning, it decays into the true vacuum via bubble nucleation.
In the original paper by Coleman, however, the effect of gravity was not taken into account. Hence it was not so
clear when and how gravity could affect the process. Then the false vacuum decay in the presence of gravity was
studied in detail by Coleman and De Luccia [3]. Although limited by the thin-wall assumption, they successfully
clarified several important issues, for example the fact that the size of the bubble should always be smaller than the
Hubble horizon scale of the false vacuum.
Subsequently, Hawking and Moss argued that a homogeneous instanton sitting at a maximum of the potential
dominates the false vacuum decay if the barrier is too shallow [4]. Later it was more clearly realized by Jensen
and Steinhardt [5] that the Coleman-De Luccia (CD) instanton merges to the Hawking-Moss (HM) instanton as
the potential gets flatter, and except for possible oscillating solutions [6], there will be only HM solutions when
|m2| < 4H2 where m2 is the curvature of the potential at its maximum and H is the corresponding Hubble parameter,
H2 = κ2Vtop/3 where κ
2 = 8πG.
Concerning the false vacuum decay from a flat potential, a very interesting observation was made by Lee and
Weinberg [7]. They considered an unstable potential and another potential of similar shape except that it has a small
barrier near the extremum of the potential. As the unstable potential becomes extremely flat at its extremum, the
time scale for the field to roll down the potential classically would eventually exceed the time scale for the quantum
vacuum decay of the corresponding potential with a barrier. If there were no tunneling solution for the unstable
potential, this would lead to an unacceptable conclusion that the unstable potential is stabler than the corresponding
potential with a barrier. Indeed such a solution describing tunneling without barriers had been found by Linde [8]
prior to Lee and Weinberg [7], who showed that there exists O(4)-symmetric instantons for potentials without barriers,
and rediscovered an exact analytical solution for −λφ4 potential (λ > 0) found in [8].
However, neither Linde nor Lee and Weinberg included the effect of gravity. It is then of great interest how gravity
can modify the result. A pioneering study was done by Lee [9]. Recently an interesting oscillating solution was found
for an inverted quadratic potential by Lee et al. [10] which wouldn’t be possible without gravity. Here, however, we
focus on monotonic solutions.
In the presence of gravity, the absolute value of the potential is very important. If the false vacuum has a positive
potential energy, VF > 0, it is in the de Sitter phase with the Hubble parameter H =
√
κ2VF /3. In this case, if we
2consider a flat potential without barriers,
V = VF − λ
4
φ4 + · · · , (1.1)
it is expected that the quantum decay of the unstable vacuum will be mediated by the HM instanton rather than the
Linde-Lee-Weinberg (LLW) instanton.
On the other hand, in the limit VF → 0, the universe at φ = 0 will no longer be de Sitter but it is simply a flat
Minkowski space. In this limit, one would naturally expect the LLW instanton to dominates the quantum vacuum
decay (of an unstable flat space). To clearly demonstrate this, and to show explicitly when the LLW instanton takes
over the HM instanton, we need a solution for the LLW instanton in the presence of gravity.
In this paper, we present an exact, analytic solution of the LLW instanton with gravity for a particular class of the
potential having the form (1.1) with VF = 0. For this solution we also obtain an analytical expression for the value
of the bounce action. Then we briefly discuss possible implications of the solution to cosmology.
II. SET-UP
We consider the Euclidean action for a scalar field φ with gravity:
SE = − 1
2κ2
∫
M
d4x
√
g R− 1
κ2
∫
∂M
d3x
√
h K +
∫
M
d4x
√
g
[
1
2
gµν∂µφ∂νφ+ V (φ)
]
. (2.1)
The second term is the Gibbons-Hawking boundary term to make the variational principle consistent when the
spacetime is non-compact [11].
Assuming O(4)-symmetry, we consider the metric of the form,
ds2 = a(z)2
(
dz2 + dΩ23
)
, (2.2)
and assume φ = φ(z). For an asymptotically Euclidean solution, we have a ∝ ez for z → ±∞. Under the O(4)-
symmetry, the action reduces to
SE = 2π
2
[
− 3
κ2
∫
dz
(
a˙2 + a2
)
+
∫
dz a3
(
1
2a
φ˙2 + a V
)]
, (2.3)
where the dot denotes a derivative with respect to z (˙ = d/dz). The equations of motion are
3
(
a¨
a
− 1
)
= κ2
(
− φ˙
2
2
− 2a2V
)
, (2.4)
and
φ¨+ 2
a˙
a
φ˙− a2 dV
dφ
= 0 . (2.5)
The Hamiltonian constraint, which is an integral of (2.4) with a specific integration constant, is
3
[(
a˙
a
)2
− 1
]
= κ2
(
1
2
φ˙2 − a2V
)
. (2.6)
III. ANALYTICAL METHOD
We now construct an analytical LLW instanton solution with gravity by extending the method developed in [12].
Namely, instead of giving the form of the potential first, we consider the condition on the form of the scale factor
for the existence of a regular instanton solution and look for a function describing the scale factor that enables us to
derive the potential as a function of the scalar field analytically.
Since we are interested in the case of asymptotically flat solution, we may assume the form of the scale factor a(z)
as
a(z) = ezℓ g(tanh z) , (3.1)
3where the function g(tanh z) is assumed to be regular at z → ±∞, and ℓ is an arbitrary length scale. This guarantees
the asymptotic flatness of the metric. For convenience, we introduce the variable x by x = tanh z. In terms of x, we
have
ez =
√
1 + x
1− x ,
d
dz
= (1 − x2) d
dx
,
d
dx
= cosh2 z
d
dz
, (3.2)
and the scale factor is expressed as
a = ℓ
√
1 + x
1− x g(x) . (3.3)
Then from Eqs. (2.4) and (2.6), we can express φ˙2 and V in terms of a¨/a and a˙/a, and hence in terms of the function
g(x) and its derivatives. The resulting expressions are
κ2
2
φ′2 =
2
1− x
g′
g
+
(
g′
g
)2
−
(
g′
g
)
′
, (3.4)
and
κ2ℓ2V =
(1− x)2
g2
[
(2x− 4)g
′
g
− (1 − x2)
{(
g′
g
)
′
+ 2
(
g′
g
)2}]
, (3.5)
where the prime denotes an x-derivative (′ = d/dx).
Similarly, substituting (2.6) into the action (2.3), it reduces to
SE = 4π
2
∫
∞
−∞
dz
[
a4V − 3
κ2
a2
]
=
4π2ℓ2
κ2
∫ 1
−1
dx
g2
1− x
[
− 3
1− x + (1 + x)
{
(2x− 4)g
′
g
− 2(1− x2)
(
g′
g
)2
− (1− x2)
(
g′
g
)
′
}]
. (3.6)
For an asymptotic flat solution, the above action diverges. However, the difference between this action and the flat
space action S0 should be finite, where S0 is given by
S0 =
4π2ℓ2
κ2
∫ 1
−1
dx
[
−3 g
2
0
(1 − x)2
]
, (3.7)
where g0 = g(x = 1). The difference is the bounce action B that appears in the decay rate, Γ ∼ e−B, where
B ≡ SE − S0
=
4π2ℓ2
κ2
∫ 1
−1
dx
[
−3 g
2 − g20
(1− x)2 + g
2 (1 + x)
1− x
{
(2x− 4)g
′
g
− 2(1− x2)
(
g′
g
)2
− (1− x2)
(
g′
g
)
′
}]
. (3.8)
As one can easily see, if g′(x) is non-zero at x = 1 (ie, at infinity), B does not converge. Thus the boundary condition
at infinity that the solution be a legitimate asymptotically Euclidean instanton is g′(1) = 0.
IV. EXACT SOLUTION
As an example that satisfies the condition g′(1) = 0, we consider the case,
g(x) =
c
c+
(1− x)2
2
(c > 0) . (4.1)
Inserting this into (3.4), we find
κ2
2
(
dφ
dx
)2
=
6
2c+ (1− x)2 . (4.2)
4FIG. 1: A potential that allows an exact LLW instanton with gravity (drawn with the real line). The parameter is set to c = 2
(β = 2). The horizontal axis is U = κφ/
√
12. The thick line (in green) is the range the instanton runs. The dotted curve shows
the potential V = −λφ4/4 for comparison. The upper right figure in the dotted circle is a zoom-up of the potential near the
maximum.
This can be readily integrated to give
± κ
2
φ =
√
3U , 1− x =
√
2c sinhU . (4.3)
Hence
1− x = ±
√
2c sinh
κφ√
12
. (4.4)
From (3.5), the potential is given by
κ2ℓ2V = −3(1− x)
4
c2
[
c+ 2(1− x)− (1 − x)
2
2
]
. (4.5)
Inserting (4.4) into the above, we obtain a completely analytical potential (with + sign for (4.4) for definiteness),
V = − 12
κ2ℓ2
sinh4
κφ√
12
[
c
(
1− sinh2 κφ√
12
)
+ 2
√
2c sinh
κφ√
12
]
. (4.6)
Setting λ = cκ2/(3ℓ2) and β = 2
√
2/c, we have
V = −λ
4
(
12
κ2
)2
sinh4
κφ√
12
[
1− sinh2 κφ√
12
+ β sinh
κφ√
12
]
. (4.7)
5The above is an exact, analytic Linde-Lee-Weinberg model with gravity. For reference, the potential in the case of
the parameter c = 2 is shown in Fig. 1. For c≫ 1, the range of φ that the instanton covers is small compared to the
Planck scale, κ|φ| ≪ 1. In this limit the above potential reduces to a simple φ4 potential,
V = −λ
4
φ4
(
1 +O(βκφ, κ2φ2)
)
. (4.8)
The bounce action can be also evaluated analytically as
B = 4π2
ℓ2
κ2

2
√
c+ 3
√
2(2 + c) arctan
√
2
c
4
√
c(2 + c)

 . (4.9)
For large c, the above reduces to
B = 4π2
ℓ2
κ2
[
2
c
− 2
c2
+
16
5c3
+O
(
1
c4
)]
. (4.10)
In terms of the φ4 coupling constant λ given by (4.8) this is re-expressed as
B =
8π2
3λ
[
1− β
2
8
+ · · ·
]
. (4.11)
As expected the leading order term agrees with that of the LLW instanton in flat space. We note that the value of λ
is arbitrary: It can be of order unity or larger, and hence the decay rate can become very large in principle. However,
if we assume λ . 1, the limit c≫ 1 (β ≪ 1) implies ℓ≫ κ, ie, the low energy limit.
One can also estimate an approximate size of the bubble. Since the value of the scalar field at the center of the
bubble is given by φ at x = −1,
φc =
√
12
κ
sinh−1
√
2
c
≈ 2
ℓ
√
2
λ
, (4.12)
for c ≫ 1, the radius at which the value of φ is half the value at the center, φ ∼ φc/2, is given approximately by
a(x = 0) ≈ ℓ. Thus ℓ corresponds to the size of the bubble.
V. DISCUSSION
We have found an exact, analytical LLW instanton in the presence of gravity. The resulting bounce action reduces
to that of the original LLW instanton in flat space in the low energy limit,
BLLW =
8π2
3λ
. (5.1)
Recently tunneling between different vacua through the false vacuum decay or even true vacuum decay [13] in
the presence of gravity has attracted renewed interest in the context of the string theory landscape [14, 15]. In the
landscape, there are an exponentially large number of different vacua with different values of the vacuum energy, and
tunneling between different vacua may occur frequently enough to result in various interesting consequences which
may be observationally tested, for example, traces of bubble collisions [16], traces of false vacuum prior to inflation [17],
etc.. Here let us consider possible implications of LLW instantons to cosmology.
Assuming there indeed exits a LLW-type scalar field, let us first estimate the probability for a bubble to nucleate
within our past light-cone. The nucleation rate per unit volume per unit time is estimated as
Γ ∼ ℓ−4e−B . (5.2)
Then the probability for a bubble to nucleate within our past light-cone can be obtained by multiplying the above
rate by the present Hubble volume times the Hubble time,
p ∼ H−40 Γ ∼
e−B
(H0ℓ)4
=
9λ2
c2
e−B
(κH0)4
, (5.3)
6where we have used the relation, ℓ−2 = (3λ/c)κ−2. Assuming c≫ 1 and λ . 1, the energy scale of the bubble ∼ ℓ−1
is much smaller than the Planck scale. In this case we have B = BLLW = 8π
2/(3λ) as we saw already. Therefore,
with an estimate that κH0 ∼ 10−60, we find
p ∼ 9λ
2
c2
× 10240 exp
[
−8π
2
3λ
]
≈ 9λ
2
c2
exp
[
550− 8π
2
3λ
]
. (5.4)
For c≫ 1, this will be exponentially smaller than unity for λ . 0.01.
In the above we have ignored the presence of dark energy. To see its effect, let us consider the case where the
false vacuum has an extremely small but non-vanishing vacuum energy with the Hubble parameter, HF , such that
HF ℓ≪ 1. If we apply this case to the present universe, the value of HF is approximately equal to the present Hubble
constant H0. Then the universe appears almost flat over the length scale of ℓ, hence the use of the LLW instanton
which neglects the false vacuum energy is justified. We further assume that there is a small, very flat barrier and the
Hubble parameter at the top of the barrier also satisfies Htopℓ ≪ 1. In this case, there is a HM instanton and the
bounce action will be given by
BHM = SHM − SF = 8π
2
κ2H2F
[
1− H
2
F
H2top
]
. (5.5)
If we compare this with the LLW bounce action, we find
BLLW
BHM
≈ κ
2H2F
3λ
[
1− H
2
F
H2top
]−1
≈ H
2
F ℓ
2
c
≪ 1 , (5.6)
unless the value of Htop is exponentially close to HF . Thus the LLW instanton will dominate the false vacuum decay
in this situation. In other words, the presence of dark energy does not alter the physics of tunneling.
The above consideration implies that if the potential near the false vacuum is extremely flat and the minimum is
below zero, the vacuum decay will proceed much faster than what one would expect from the value of the bounce
action for the HM instanton even if the potential at the false vacuum were positive. Boldly applying this to the
present universe with the vacuum energy density ∼ 3H20/κ2, the fact that there is no sign of the vacuum decay might
mean either that there is no minimum with a negative energy density near the vacuum we live in or that the coupling
constant λ is much smaller than unity, say λ . 0.01.
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